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2. Show that there is no integer a such that a2− 3a− 19 is divisible by
289
Solution: Suppose there exists a such that

289|a2−3a−19⇒ 289|4(a2−3a−19) i.e. 4a2−12a+9+85 = 289k

Now 17|289, 17|85⇒ 17|(2a− 3)2 ⇒ 17|2a− 3
⇒ 172|(2a− 3)2 and 172|289⇒ 172|85, a contradiction

3. Show that 32008 + 42009 can be written as product of two positive
integers each of which is larger than 2009182.
Solution: We use Sophie Germain’s identity

a4 + 4b4 = (a2 + 2b2)2 − (2ab)2

= (a2 − 2ab + 2b2)(a2 + 2ab + 2b2)

Now 32008 + 4(42008)

= (31004 − 2(3502)4502 + 41004 + 41004)

×(31004 + 2(3502)4502 + 41004 + 41004)

= ((3502 − 4502)2 + 41004)((3502 + 4502)2 + 41004).

Note that each factor is greater than 41004. It suffices to show that
41004 > 2009182 i.e.
Now, 41004 = 22008 = (211)182 · 26 > (2048)182 > 2009182.
Hence, each factor is greater than 2009182.
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